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On the n-dimensional extension of Position-dependent mass Lagrangians: nonlocal
transformations, Euler–Lagrange invariance and exact solvability
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Abstract: The n-dimensional extension of the one dimensional Position-dependent mass (PDM)
Lagrangians under the nonlocal point transformations by Mustafa [38] is introduced. The invariance
of the n-dimensional PDM Euler-Lagrange equations is examined using two possible/different PDM
Lagrangian settings. Under the nonlocal point transformation of Mustafa [38], we have shown that
the PDM Euler-Lagrange invariance is only feasible for one particular PDM-Lagrangians settings.
Namely, when each velocity component is deformed by some dimensionless scalar multiplier that
renders the mass position-dependent. Two illustrative examples are used as reference Lagrangians
for different PDM settings, the nonlinear n-dimensional PDM-oscillators and the nonlinear isotonic
n-dimensional PDM-oscillators. Exact solvability is also indulged in the process.
PACS numbers: 05.45.-a, 03.50.Kk, 03.65.-w
Keywords: n-dimensional position-dependent mass Lagrangians, nonlocal point transformation,
Euler-Lagrange equations invariance.
I. INTRODUCTION
The mathematical challenge associated with the position-dependent mass (PDM) von Roos Hamiltonian [1], and the
feasible applicability of the PDM settings in different fields of physics, has inspired a relatively intensive recent research
attention on the quantum mechanical (see the sample of references [2–12]), classical mechanical and mathematical (see
the sample of references [12–37]) domains in general. The position-dependent mass, in principle, is either a position-
dependent deformation in the standard constant mass, or a position-dependent deformation in the coordinates system,
or even a position-dependent deformation in the velocity components of the system. Which, in turn, deforms the
potential force field and may inspire nonlocal space-time point transformations to facilitate exact solvability. Very
recently, Mustafa [38] has introduced a nonlocal point transformation for one-dimensional PDM Lagrangians and
provided their mappings into a constant ”unit-mass” Lagrangians in the generalized coordinates. Therein, it has
been shown that the applicability of such mappings not only results in the linearization of some nonlinear oscillators
but also extends into the extraction of exact solutions of more complicated dynamical systems. Hereby, the exactly
solvable Lagrangians (labeled as ”reference-Lagrangians”) are mapped along with their exact solutions into PDM-
Lagrangians (labeled as ”target-Lagrangians”). It would be natural and interesting, therefore, to extend and generalize
Mustafa’s proposal [38] to deal with Lagrangians in more than one-dimension.
In the current methodical proposal, we shall be interested in two types of n-dimensional PDM systems. The first
type of which has each velocity component x˙
j
deformed by a dimensionless scalar multiplier
√
m
i
(
x
j
)
to form the
kinetic energy term
TI =
1
2
m◦
n∑
j=1
m
j
(
x
j
)
x˙2
j
; x˙
j
=
dx
j
dt
; j = 1, 2, · · · , n ∈ N. (1)
The other type has all velocity component x˙′
j
s deformed by a common dimensionless scalar multiplier
√
m (~x) and
forms a kinetic energy term
TII =
1
2
m◦
n∑
j=1
m (~x) x˙2
j
. (2)
Consequently, the corresponding potential energies shall be, respectively, labeled as VI (~x) and VII (~x). Likewise, we
label the corresponding Lagrangians LI
(
−→x ,
−→
x˙ ; t
)
and LII
(
−→x ,
−→
x˙ ; t
)
.
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2In section 2, we use the two types of the kinetic energy, (1) and (2), and construct the corresponding Lagrangians
LI
(
−→x ,
−→
x˙ ; t
)
and LII
(
−→x ,
−→
x˙ ; t
)
to workout their PDM Euler-Lagrange equations of motion. We then use the usual
textbook constant mass m◦ Lagrangian L
(
−→q ,
−→
q˜ ; τ
)
in the generalized coordinates and buildup the corresponding
Euler-Lagrange equations in the generalized coordinates (to be identified as EL-G). Moreover, within some extended
form of the nonlocal point transformation of Mustafa [38] we try to search for feasible Euler-Lagrange equations’
invariance for the two systems. Under our extended nonlocal point transformation we show that, whilst the PDM
Euler-Lagrange equations for LI
(
−→x ,
−→
x˙ ; t
)
(to be denoted as ”PDM EL-I”) admit invariance with the EL-G, the PDM
Euler-Lagrange equations’ invariance for LII
(
−→x ,
−→
x˙ ; t
)
(to be denoted as ”PDM EL-II”) is shown to be incomplete
and still far beyond reach for n ≥ 2. We, therefore, adopt the format of the PDM EL-I and proceed with our proposal.
In section 3, we use a set of nonlinear n-dimensional PDM oscillators as illustrative examples. Amongst are the n-
dimensional Mathews-Lakshmanan type-I and type-II oscillators described, respectively, by the PDM-Lagrangians
(27) and (38) below. A power law type as well as an exponential type n-dimensional PDM oscillators are also used
in the same section. Nonlinear isotonic n-dimensional PDM oscillators are reported in section 4, where the PDM
Smorodinsky-Winternitz type-I and type-II oscillators are used as illustrative examples. We conclude in section 5.
II. NONLOCAL POINT TRANSFORMATIONS AND MULTIDIMENSIONAL PDM
EULER-LAGRANGE INVARIANCE
Let us consider two sets of multidimensional PDM-Lagrangians
LI
(
−→x ,
−→
x˙ ; t
)
=
1
2
m◦
n∑
j=1
m
j
(
x
j
)
x˙2
j
− VI (~x) ; x˙j =
dx
j
dt
; j = 1, 2, · · · , n ∈ N, (3)
and
LII
(
−→x ,
−→
x˙ ; t
)
=
1
2
m◦
n∑
j=1
m (~x) x˙2
j
− VII (~x) , (4)
where m◦ is the rest mass, mj
(
x
j
)
in LI
(
−→x ,
−→
x˙ ; t
)
is a dimensionless scalar multiplier that deforms each coordinate
x
j
and/or velocity component x˙
j
in a specific functional form, and m (~x) in LII
(
−→x ,
−→
x˙ ; t
)
represents a common
dimensionless scalar multiplier that deforms the coordinates x
j
’s and/or velocity components x˙
j
’s. Of course, a
consequential position-dependent deformation in the potential force fields VI (~x) and VII (~x) is unavoidable in this
case. Under such settings, both LI
(
−→x ,
−→
x˙ ; t
)
and LII
(
−→x ,
−→
x˙ ; t
)
may very well represent two different types of PDM
Lagrangians, so to speak. The Euler-Lagrange equations
d
dt
(
∂L
∂x˙i
)
−
∂L
∂xi
= 0; i = 1, 2, · · · , n ∈ N, (5)
imply (with m◦ = 1 throughout for simplicity and economy of notations) n PDM Euler-Lagrange equations
x¨
i
+
(
m˙
i
(xi)
2m
i
(xi)
)
x˙i +
(
1
m
i
(xi)
)
∂xiVI (~x) = 0; x¨j =
d2x
j
dt2
, (6)
for LI
(
−→x ,
−→
x˙ ; t
)
(and shall be referred to as ”PDM EL-I”, hereinafter), and
x¨
i
+
(
m˙ (~x)
m (~x)
)
x˙i −
1
2
(
∂xim (~x)
m (~x)
) n∑
j=1
x˙2j +
(
1
m (~x)
)
∂xiVII (~x) = 0, (7)
for LII
(
−→x ,
−→
x˙ ; t
)
(and shall be referred to as ”PDM EL-II”, hereinafter), where ∂xi = ∂/∂xi.
On the other hand, consider a classical particle of a constant mass m◦ moving in a potential force field V (~q), where
~q = (q
1
, q
2
, · · · , q
n
) are some generalized coordinates. The corresponding Lagrangian for such a system is given by
L
(
−→q ,
−→
q˜ ; τ
)
=
1
2
m◦
n∑
j=1
q˜2
j
− V (~q); q˜
j
=
dq
j
dτ
; j = 1, 2, · · · , n, (8)
3where τ is a re-scaled time [38]. The corresponding n Euler-Lagrange equations
d
dτ
(
∂L
∂q˜
i
)
−
∂L
∂q
i
= 0; i = 1, 2, · · · , n. (9)
would imply, with m◦ = 1, the n EL-G equations of motion
d
dτ
q˜
i
+
∂
∂q
i
V (~q) = 0, (10)
in the generalized coordinates. Nevertheless, one should notice that for a particle with m◦ 6= 1 moving in a free force
field V (~q) = 0 =⇒ dq˜
j
/dτ = 0 the canonical momenta m◦q˜j are conserved quantities ( in this particular case) and
serve as fundamental integrals (i.e., constants of motion).
At this point, we shall seek some sort of feasible invariance for PDM EL-I (6) and PDM EL-II (7) with EL-G of
(10). In so doing, we invest in the one-dimensional nonlocal point transformation suggested by Mustafa [38] and
extend/generalize it to fit into the current n-dimensional settings. We, therefore, define
dτ = f (~x) dt, dq
i
= δij
√
g (~x) dx
j
=⇒
∂q
i
∂x
j
= δij
√
g (~x), (11)
where the functional structure of f (~x) and g (~x) shall be determined in the process below. This necessarily means
that the unit vectors in the direction of q
i
are obtained as
qˆ
i
=
n∑
k=1
(
∂x
k
∂q
i
)
xˆk√
n∑
k=1
(
∂x
k
∂q
i
)2 =
n∑
k=1
δikxˆk/
√
g (~x)√
n∑
k=1
(
δik/
√
g (~x)
)2 =⇒ qˆi = xˆi ; i = 1, 2, · · · , n. (12)
Under such settings, one obtains
q˜
j
=
√
g (~x)
f (~x)
x˙
j
=⇒
d
dτ
q˜
j
=
√
g (~x)
f (~x)2
(
x¨
j
+ x˙
j
[
g˙ (~x)
2g (~x)
−
f˙ (~x)
f (~x)
])
. (13)
and EL-G of (10) in turn implies the Euler-Lagrange equations
x¨
j
+
(
g˙ (~x)
2g (~x)
−
f˙ (~x)
f (~x)
)
x˙
j
+
(
f (~x)
2
g (~x)
)
∂xjV (~q (~x)) = 0; j = 1, 2, · · · , n. (14)
This result is to be compared with PDM EL-I of (6) and PDM EL-II of (7).
The comparison between (14) and PDM EL-II of (7) is only possible for the one-dimensional problems (i.e., for
n = 1). In this case, (7) collapses into (6) for i = 1 = n. Nevertheless. for the multidimensional case n ≥ 2, the
third term in (7) has no counterpart in (14). This would, in effect, make the comparison incomplete/impossible and
insecure. That is, for n ≥ 2 the Euler-Lagrange equations (7) and (14) suggest that the invariance is still far beyond
reach under our PDM nonlocal point transformation. Hence, we discard PDM EL-II of (7).
Whereas, the comparison between the second term of (14) and the second term of the PDM EL-I of (6) immediately
implies that the functional structure of f (~x) and g (~x) should necessarily be the same as that of m
i
(xi) to allow exact
correspondence (i.e., f (~x) = f (xi) and g (~x) = g (xi)) so that
m˙
i
(xi)
2m
i
(xi)
=
g˙
i
(xi)
2g
i
(xi)
−
f˙
i
(xi)
f
i
(xi)
⇐⇒ g
i
(xi) = mi (xi) fi (xi)
2
. (15)
This would in turn make the third terms in (14) and (6) consistent (hence the invariance is secured) to result in
f
i
(xi)
2
g
i
(xi)
=
1
m
i
(xi)
⇐⇒ V (~x) = V (~q (~x)) . (16)
4This would necessarily mean that the time t is deformed/re-scaled in a particular way for each coordinate xi so that
our nonlocal point transformation is summarized as
d
dτ
i
(
∂L
∂q˜
i
)
−
∂L
∂q
i
= 0⇐⇒


∂q
i
/∂x
i
=
√
g
i
(xi) ,
dτ
i
/dt = f
i
(xi)
g
i
(xi) = mi (xi) fi (xi)
2
V (~x) = V (~q (~x))
q˜
i
(xi) =
1
f
i
(xi)
q˙
i
(xi) = x˙i
√
m
i
(xi)


⇐⇒
d
dt
(
∂LI
∂x˙i
)
−
∂LI
∂xi
= 0. (17)
Where, the form of f
i
(xi) shall be determined by the condition V (~x) = V (~q (~x)) for a given mi (xi). Consequently,
one may recast the PDM EL-I of (6) as
x¨
i
+
(
m′
i
(xi)
2m
i
(xi)
)
x˙2i +
(
1
m
i
(xi)
)
∂xiVI (~x) = 0; m
′
i
(xi) =
dm
i
(xi)
dxi
, (18)
and consider it as the target equation to be solved. We, therefore, adopt PDM EL-I of (6) and the nonlocal point
transformation (17) to proceed with illustrative examples.
III. NONLINEAR n-DIMENSIONAL PDM-OSCILLATORS
Herein, we shall deal with nonlinear PDM-oscillators that are generated from the force field
V (~q) =
1
2
n∑
j=1
ω2
j
q2
j
(19)
in the generalized coordinates and use the EL-G equations of (10) to yield the n EL-G equations of motion
d
dτ
i
q˜
i
+
∂
∂q
i
V (~q) = 0⇐⇒
d
dτ
i
q˜
i
+ ω2
i
q
i
= 0, (20)
that admit exact solutions in the form of
q
i
= B
i
cos
(
ω
i
τ
i
+ ϕ
i
)
. (21)
We then choose our q
i
(xi) so that not only the condition V (~x) = V (~q (~x)) is satisfied but also it is consistent with
our nonlocal point transformation (17) so that q˜
i
(xi) = x˙i
√
m
i
(x
i
). The recipe is clear, therefore.
Let us start with the potential force field,
VI (~x) =
1
2
n∑
i=1
m
i
(x
i
) ω2
i
x2
i
(22)
in LI
(
−→x ,
−→
x˙ ; t
)
of (3). This would in turn imply, with the condition V (~x) = V (~q (~x)), that
q
i
(x
i
) = x
i
√
m
i
(x
i
). (23)
In a straightforward manner one can immediately show that
q
i
(x
i
) = x
i
√
m
i
(x
i
)⇐⇒ q˜
i
(x
i
) =
1
f
i
(x
i
)
q˙
i
(x
i
) = x˙
i
√
m
i
(x
i
),
satisfies the nonlocal point transformation (17), where
f
i
(x
i
) = 1 +
m′
i
(x
i
)
2m
i
(x
i
)
x
i
. (24)
Consequently, the invariance between PDM EL-I of (6) and EL-G of (10) is secured. Yet, one may choose m
i
(x
i
) at
will and find the corresponding f
i
(x
i
) in (24) and proceed with the determination of the solutions for
x¨
i
+
(
m′
i
(xi)
2m
i
(xi)
)
x˙2i + fi (xi) ω
2
i
x
i
= 0. (25)
This result is obtained either by the substitutions of (23) in (20) or by the substitution of (22) in (18). We may now
use different m
i
(x
i
) coordinates deformations and cast the following examples.
5A. Mathews-Lakshmanan type-I PDM-oscillators; coordinates deformation m
i
(x
i
) =
(
1± λx2
i
)
−1
Let us consider a particle of rest m◦ moving in a an n-dimensional potential force field
VI (~x) =
1
2
m◦
n∑
i=1
ω2
i
x2
i
1± λx2
i
; m
i
(x
i
) =
1
1± λx2
i
, (26)
and described by the n-dimensional Mathews-Lakshmanan type-I PDM-oscillators Lagrangian
LI
(
−→x ,
−→
x˙ ; t
)
=
1
2
m◦
n∑
i=1
x˙2
j
1± λx2
i
−
1
2
m◦
n∑
i=1
ω2
i
x2
i
1± λx2
i
. (27)
This would necessarily imply that
f
i
(x
i
) = 1 +
m′
i
(x
i
)
2m
i
(x
i
)
x
i
=
1
1± λx2
i
= m
i
(x
i
) . (28)
Under such settings, obviously, the PDM EL-I of (25) would yield, with m◦ = 1, the n Mathews-Lakshmanan type-I
PDM-oscillators’ equations of motion
x¨
i
∓
(
λx
i
1± λx2
i
)
x˙2i +
(
1
1± λx2
i
)
ω2
i
x
i
= 0; i = 1, 2, · · · , n, (29)
that admit exact solutions in the form of
x
i
= A
i
cos
(
Ω
i
t+ ϕ
i
)
; Ω2
i
=
ω2
i
A2
i
1± λA2
i
. (30)
Then the total energy would eventually read
E =
1
2
n∑
i=1
Ω2
i
A2
i
=
1
2
n∑
i=1
ω2
i
A2
i
1± λA2
i
. (31)
B. Nonlinear PDM-oscillators: Power-law type coordinates deformation mi (xi) = α
2x2υ
i
Consider a particle of rest m◦ moving in a an n-dimensional potential force field
VI (~x) =
1
2
m◦
n∑
i=1
(
α2x2υ
i
)
ω2
i
x2
i
; m
i
(x
i
) = α2x2υ
i
, (32)
where υ 6= −1 (otherwise a dynamical collapse will occur, i.e., q
i
(x
i
) = α for υ = −1), and hence described by the
n-dimensional PDM Lagrangian
LI
(
−→x ,
−→
x˙ ; t
)
=
1
2
m◦
n∑
i=1
(
α2x2υ
i
)
x˙2
j
−
1
2
m◦
n∑
i=1
(
α2x2υ
i
)
ω2
i
x2
i
. (33)
In this case, the PDM EL-I of (25) would imply, with m◦ = 1 the n nonlinear PDM-oscillators’ equations of motion
x¨
i
+
(
υ
x
i
)
x˙2i + (1 + υ) ω
2
i
x2
i
= 0; i = 1, 2, · · · , n, (34)
that admit exact solutions in the form of
x
i
= A
i
[
cos
(
Ω
i
t+ ϕ
i
)]1/(1+υ)
; Ω2
i
= (1 + υ)
2
ω2
i
, υ 6= −1. (35)
The total energy would then read
E =
1
2
n∑
i=1
α2B2
i
(1 + υ)
2 Ω
2
i
=
1
2
n∑
i=1
α2B2
i
ω2
i
; B
i
= A1/(1+υ)
i
. (36)
6C. Mathews-Lakshmanan type-II PDM-oscillators; coordinates deformation m
i
(x
i
) =
(
1± λx2
i
)
−1
The n-dimensional Mathews-Lakshmanan PDM-oscillators are also possible to be obtained by the consideration
that the particle of rest m◦ is moving in a an n-dimensional potential force field
VI (~x) =
1
2
m◦
n∑
i=1
ω2
i
η2
i
1± λx2
i
; m
i
(x
i
) =
1
1± λx2
i
, (37)
where η
i
’s are constants and hence such a particle is described by the n-dimensional Mathews-Lakshmanan type-II
PDM-oscillators’ Lagrangian
LI
(
−→x ,
−→
x˙ ; t
)
=
1
2
m◦
n∑
i=1
x˙2
j
1± λx2
i
−
1
2
m◦
n∑
i=1
ω2
i
η2
i
1± λx2
i
. (38)
Under such settings, equation (17) suggests that
q
i
(x
i
) = η
i
√
m
i
(x
i
)⇐⇒ q˙
i
(x
i
) =
(
η
i
m′
i
(x
i
)
2m
i
(x
i
)
)√
m
i
(x
i
)x˙
i
⇐⇒ f
i
(x
i
) = η
i
m′
i
(x
i
)
2m
i
(x
i
)
. (39)
Consequently, the EL-G of (20) would, with m◦ = 1, imply that
x¨
i
+
(
m′
i
(xi)
2m
i
(xi)
)
x˙2i + fi (xi) ηi ω
2
i
= 0. (40)
Obviously, this result would yield the n dynamical Mathews-Lakshmanan type-II equations of motion
x¨
i
∓
(
λx
i
1± λx2
i
)
x˙2i +
(
∓λη2
i
1± λx2
i
)
ω2
i
x
i
= 0; i = 1, 2, · · · , n. (41)
It is clear that for λ = ∓1/η2
i
these equations of motion collapse into those obtained for Mathews-Lakshmanan type-I
oscillators in (29) and, therefore, inherit the corresponding solutions in (30) and (31).
D. PDM-Morse oscillators; coordinates deformation mi (xi) = exp(2ζxi)
We now consider the particle of rest m◦ moving in an n-dimensional deformed Morse-like oscillator force field
VI (~x) =
1
2
m◦
n∑
i=1
m
i
(x
i
) ω2
i
[
1− exp
(
−ζ
i
x
i
)]2
. (42)
The Lagrangian describing such a system is given by
LI
(
−→x ,
−→
x˙ ; t
)
=
1
2
m◦
n∑
i=1
m
i
(x
i
) x˙2
i
−
1
2
m◦
n∑
i=1
m
i
(x
i
) ω2
i
[
1− exp
(
−ζ
i
x
i
)]2
. (43)
In this case, with m◦ = 1, equation (16) mandates the assumption that
q
i
(x
i
) =
√
m
i
(x
i
)
[
1− exp
(
−ζ
i
x
i
)]
, (44)
to obtain
q˙
i
(x
i
) =
√
m
i
(x
i
)x˙
i
[
m′
i
(xi)
2m
i
(xi)
+
(
ζ
i
−
m′
i
(xi)
2m
i
(xi)
)
exp
(
−ζ
i
x
i
)]
. (45)
Nevertheless, our nonlocal point transformation in (17) yields
q˙
i
(x
i
) =
i
f
i
(x
i
)
√
m
i
(x
i
)x˙⇐⇒ f
i
(x
i
) =
[
m′
i
(xi)
2m
i
(xi)
+
(
ζ
i
−
m′
i
(xi)
2m
i
(xi)
)
exp
(
−ζ
i
x
i
)]
, (46)
7which, for m
i
(x
i
) = exp
(
2ζ
i
x
i
)
implies the simplistic forms
q˙
i
(x
i
) = ζ
i
√
m
i
(x
i
)x˙⇐⇒
i
f
i
(x
i
) = ζ
i
. (47)
At this point one should notice that the choice of m
i
(x
i
) = exp
(
2ζ
i
x
i
)
is not unique but rather keeps the problem
simple and straightforward. Under such settings, equation (20) would result
x¨
i
+ ζ
i
x˙2i + ω
2
i
ζ
i
(
1− exp
(
−ζ
i
x
i
))
= 0. (48)
Equation (21) also suggests, along with (44), that
q
i
(x
i
) = B
i
cos
(
ω
i
τ i + ϕi
)
⇐⇒ q
i
(x
i
) = exp
(
ζ
i
x
i
)
− 1. (49)
This would, in turn, imply that
x
i
=
1
ζ
i
ln
[
1 +B
i
cos
(
ζ
i
ω
i
t+ ϕ
i
)]
(50)
as the exact solutions for PDM EL-I of (48). The total energy, moreover, reads
E =
1
2
n∑
i=1
ω2
i
B2
i
. (51)
IV. NONLINEAR ISOTONIC n-DIMENSIONAL PDM-OSCILLATORS
A particle of rest m◦ moving in a nonlinear isotonic n-dimensional oscillator force field
V (~q) =
1
2
m◦
n∑
j=1
(
ω2
j
q2
j
+
κ
j
q2
j
)
, (52)
is described by the so called Smorodinsky-Winternitz type (c.f., e.g., [29, 38–43]) n-dimensional Lagrangian
L
(
−→q ,
−→
q˜ ; τ
)
=
1
2
m◦
n∑
j=1
q˜2
j
−
1
2
m◦
n∑
j=1
(
ω2
j
q2
j
+
κ
j
q2
j
)
. (53)
This would imply, with m◦ = 1, the n EL-G equations of motion
d
dτ
i
q˜
i
+
∂
∂q
i
V (~q) = 0⇐⇒
d
dτ
i
q˜
i
+ ω2
i
q
i
−
κ
i
q3
i
= 0, (54)
that admit exact solutions in the form of
q
i
=
1
ω
i
C
i
√
ω2
i
C4
i
sin2 (ω
i
τ
i
+ σ
i
) + κ
i
cos2 (ω
i
τ
i
+ σ
i
) (55)
Next, let us consider the potential force field
VI (~x) =
1
2
n∑
i=1
(
m
i
(x
i
) ω2
i
x2
i
+
κ
i
m
i
(x
i
)x2i
)
(56)
in LI
(
−→x ,
−→
x˙ ; t
)
of (3). This would in turn imply, with the condition V (~x) = V (~q (~x)), that
q
i
(x
i
) = x
i
√
m
i
(x
i
)⇐⇒ q˜
i
(x
i
) =
1
f
i
(x
i
)
q˙
i
(x
i
) = x˙
i
√
m
i
(x
i
)⇐⇒ f
i
(x
i
) = 1 +
m′
i
(x
i
)
2m
i
(x
i
)
x
i
. (57)
In a straightforward manner, one can immediately show that the PDM EL-I of (18) or EL-G (54) would yield the n
dynamical PDM Euler-Lagrange equations of motion
x¨
i
+
(
m′
i
(xi)
2m
i
(xi)
)
x˙2i + fi (xi)
(
ω2
i
x
i
−
κ
i
m
i
(x
i
)
2
x3i
)
= 0. (58)
Such nonlinear isotonic n-dimensional PDM-oscillators equations of motion (54) and (58) are to be used to reflect on
the exact solutions of the following examples.
8A. Smorodinsky-Winternitz type-I PDM-oscillators; coordinates deformation m
i
(x
i
) =
(
1± λx2
i
)
−1
Let us consider a particle of rest m◦ moving in a an n-dimensional potential force field
VI (~x) =
1
2
m◦
n∑
i=1
(
ω2
i
x2
i
1± λx2
i
+
(
1± λx2
i
)
κ
i
x2
i
)
; m
i
(x
i
) =
1
1± λx2
i
, (59)
and hence is described by the n-dimensional Smorodinsky-Winternitz type-I PDM-oscillators’ Lagrangian
LI
(
−→x ,
−→
x˙ ; t
)
=
1
2
m◦
n∑
i=1
x˙2
i
1± λx2
i
−
1
2
m◦
n∑
i=1
(
ω2
i
x2
i
1± λx2
i
+
κ
i
(
1± λx2
i
)
x2
i
)
. (60)
This would necessarily mean that
f
i
(x
i
) = m
i
(x
i
) =
1
1± λx2
i
. (61)
Under such settings, obviously, the PDM EL-I of (58) would yield, with m◦ = 1, the n dynamical Smorodinsky-
Winternitz type-I PDM-oscillators’ equations of motion
x¨
i
∓
λx
i
x˙2i
1± λx2
i
+
ω2
i
x
i
1± λx2
i
−
κ
i
x3i
(
1± λx2
i
)
= 0. (62)
The exact solution of which is
x
i
=
1
Ω
i
C
i
√
Ω2
i
C4
i
sin2 (Ω
i
t+ σ
i
) + κ
i
cos2 (Ω
i
t+ σ
i
); ω2
i
=
(
1± λC2
i
) [
Ω2
i
±
λκ
i
C2
i
]
(63)
B. Smorodinsky-Winternitz type-II PDM-oscillators; Power-law type coordinates deformation
We now consider a power-law type coordinate deformation
m
i
(x
i
) = β2x2(η−1)
i
; η 6= 1 (64)
in the potential force field of (56), where η 6= 1 (otherwise for η = 1 we retrieve the readily known constant mass
settings) to obtain n PDM Euler-Lagrange equations of motion
x¨
i
+
(
η − 1
x
i
)
x˙2
i
+ η
(
ω2
i
x
i
−
κ
i
β4x
4(η−1)
i x3i
)
= 0. (65)
In this case, f
i
(x
i
) = η, and the solutions of the PDM Euler-Lagrange equations (65) read
x
i
=
[
1
βη ω
i
C
i
√
η2ω2
i
C4
i
sin2 (ω
i
ηt+ σ
i
) + κ
i
cos2 (ω
i
ηt+ σ
i
)
]1/η
. (66)
Which satisfies (65) if and only if
η2 − 1 = 0⇐⇒ η = −1 ; η 6= 1. (67)
otherwise trivial solutions are obtained.
V. CONCLUDING REMARKS
In the current methodical proposal, we have introduced an n-dimensional extension of the very recent one-
dimensional nonlocal point transformation recipe for PDM-Lagrangians by Mustafa [38]. We have used two PDM-
Lagrangian models LI
(
−→x ,
−→
x˙ ; t
)
and LII
(
−→x ,
−→
x˙ ; t
)
of (3) and (4), respectively, along with a standard textbook
9Lagrangian (i.e., for constant mass) L
(
−→q ,
−→
q˜ ; τ
)
of (8) in the generalized coordinates. Using some n-dimensional
nonlocal point transformation (11)-(16), we have tested/experimented the invariance feasibility of the corresponding
PDM Euler-Lagrange equations (i.e., PDM EL-I of (6) for LI
(
−→x ,
−→
x˙ ; t
)
and PDM EL-II of (7) for LII
(
−→x ,
−→
x˙ ; t
)
) with
the standard Euler-Lagrange equation EL-G of (10) for L
(
−→q ,
−→
q˜ ; τ
)
. We have observed that, while the invariance of
PDM EL-I of (6) is secured and is shown feasible, the invariance of PDM EL-II of (7) is obtained impossible for n ≥ 2
(i.e., for more than one–dimensional case). We, thereinafter, adopted the PDM-Lagrangian model LI
(
−→x ,
−→
x˙ ; t
)
and
its corresponding PDM EL-I of (6) along with our n-dimensional nonlocal point transformation recipe, summarized in
(17), in order to insure the textbook invariance in the process. This kind of Euler-Lagrange invariance, nevertheless,
facilitates exact solutions for problems with coordinates deformations that renders the mass position-dependent (so
to speak) as documented in the above illustrative examples.
Yet, the n-dimensional PDM Euler-Lagrange equations that may look complicated and/or insoluble problems
turnout to admit simple and straightforward solutions within the current nonlocal point transformation proposal set-
tings (17). In the nonlinear n-dimensional PDM-oscillators, for example, the Mathews-Lakshmanan type-I oscillators
of (29), admit exact solutions that are extracted through the substitution
q
i
= x
i
√
m
i
(x
i
) =
x
i√
1± λx2
i
⇐⇒ q2
i
=
x2
i
1± λx2
i
⇐⇒ x2
i
=
q2
i
1∓ λq2
i
. (68)
Which suggests that x
i
and q
i
have similar functional structure and implies
q
j
= A
j
cos
(
ω
j
τ
j
+ ϕ
i
)
⇐⇒ x
i
= A
j
cos
(
Ω
j
t+ ϕ
i
)
; Ω2
i
=
ω2
i
A2
i
1± λA2
i
, (69)
where Ω
j
is determined so that the dynamical equations in (29) are satisfied. Whereas, for the power-law deformation
of (34), the exact solutions are extracted through the relations
q
i
= x
i
√
m
i
(x
i
) = αxα+1
i
⇐⇒ x
i
=
[q
i
α
]1/(α+1)
⇐⇒ x
i
= A
i
[
cos
(
Ω
i
t+ ϕ
i
)]1/(1+υ)
; Ω2
i
= (1 + υ)
2
ω2
i
(70)
and so on so forth. Similar arguments are also used to extract exact solutions for the nonlinear isotonic n-dimensional
PDM-oscillators (documented in the Smorodinsky-Winternitz type-I oscillators of (62) and Smorodinsky-Winternitz
type-II oscillators of (65) illustrative examples).
Finally, as long as one is dealing with Lagrangians and/or Hamiltonians in more than one dimension, the notion
about their superintegrability (c.f., e.g., [39–43] and related references cited therein) is unavoidable in the process.
Although superintegrability lies far beyond the scope of our current methodical proposal, there is no harm in recollect-
ing that a Lagrangian (likewise, a Hamiltonian) system is said to be superintegrable if it admits the Liouville-Arnold
sense of integrability and introduces more constants of motion (also called integrals of motion) than the degrees of
freedom the system is moving within. Notably, our reference Lagrangians in the generalized coordinates are within
the general form
L
(
−→q ,
−→
q˜ ; τ
)
=
1
2
m◦
n∑
j=1
q˜2
j
−

1
2
n∑
j=1
ω2jq
2
j
+
1
2
n∑
j=1
k
j
q2
j

 ; q˜
j
=
dq
j
dτ
; j = 1, · · · , n. (71)
Which clearly suggests that they are superintegrable. Consequently, our target PDM-Lagrangians
LI
(
−→x ,
−→
x˙ ; t
)
=
1
2
m◦
n∑
j=1
m
j
(
x
j
)
x˙2
j
− VI (~x) ; j = 1, 2, · · · , n ∈ N, (72)
are at least pseudo-superintegrable for they are mapped (through our nonlocal point transformation) into superinte-
grable Lagrangians in the generalized coordinates. Yet, the superintegrability of such PDM-Lagrangians can also be
studied.
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